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SUMMARY

On the basis of linearized-supersonic-flow theory, the lateral force
and yawing moment due to combined angle of attack and rolling have been
evaluated for families of thin sweptback tepered wings with streamwise
tips. Equations were derived for wings that are contained between the
Mach cones springing from the wing apex and from the trailing edge of the
root section, that is, wings with subsonic leading edges and supersonic
trailing edges. Some calculations, based on these equations, are included
for groups of wings ‘with subsonic trailing edges.

Design charts are presented which permit estimation of the stability
derivatives CYP and C for given values of Mach number, aspect ratio,

“p

taper ratio, and leading-edge sweep. Some illustrative variations of the
derivatives with these parameters are also included. All numerical data
are presented relative to a body-axes system with moments taken about the
wing apex. For convenience in application, ‘formulas are given for trans-
forming from this system to a stabllity-axes system with moments taken
about an arbitrary point.

INTRODUCTION

A number of papers dealing with the theoretical calculations of
stability derivatives at supersonic speeds have been published to date.
Wing plen forms that have been treated in detail include the rectangular,
trapezoidal, and triangular wings and modified forms of the triangular
wing. (See, for example, references 1 to 10.) An important group of
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plan forms for which only a few of the stability derivatives have been
investigated consists of sweptback wings with streamwise tips. The 1lift-
curve slope C;  and the demping-in-roll derivative C,_ have been

a b

calculated for streamwise-tip wings and are presented in references 11 and
12. Other papers presenting calculations for this group of plan forms
include references 13 to 15.

The present paper treats the lateral force and yawing moment due to
combined angle of attack and roliing at supersonic speeds for sweptback
tapered wings with streamwise tips and subsonic leading edges. (An edge
is termed "subsonic" if the stream-flow component normal to the edge is
subsonic, and is termed "supersonic" if the normal component is super-
sonic.) The analysis is based on an application of linearized theory and
is therefore subject to all the usual restrictions and limitations. It
is appropriate to point out that the degree of applicability of these
derivatives to actual full-scale wings may be somevhat uncertain for the
reasons (relative to suction-force evaluation) pointed out in reference U4
for triangular wings. )

Results are given in the form of generalized equations for the
stability derivatives Cy and C together with a series of design

, P “p
curves from vwhich estimates of the derivatives can be made for given
values of aspect ratio, taper ratio, Mach number, and leading-edge sweep.
For illustrative purposes, variations of the derivatives with these
parameters for specific wing configurations are also presented.

SYMBOIS
X,y Cartesian coordinates of an arbitrary point
v flight speed \
Vn induced velocity normal to edge
8p ) perpendicular distance from edge )
a angle of attack
p,Tr angular:velocities abduﬁ X~ and z-axXes, respectively
M stré;m.Mach number
M, Mach number of flow compoﬁent normal to an edge °

u Mach angle



3

NACA TN 2122

A

m= B cot A

cotangent of Mach angle <?M2 - /)

suction force
lateral force
rolling moment
yawing moment

sweepback angle of leading edge

root chord

distance from wing apex to moment reference, root chords
taper ratio (ratio of tip chord to root chord)

wing span

wing area

: ‘ _Bv2_ __ 2b
aspect ratio (A = S = m)

geometric paremeter of wing (w = EEE cot A = bm
) b AB(1 + )
velocity potential
density of air
1
rolling-moment coefficient | ———
Lov3sn
2
) Y
lateral-force coefficient
-]2=pV28

yawing-moment coefficient I—JE__
§pv2Sb
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0
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Subscripts:

1,2 refer to leading edge and tip, respectiﬁely
a,p . refer to 1ift and roll, respectively

a moments taken about wing apex

R,L refer to right and left edges, respectively

All angles are meagured in radians.

ANALYSIS

Scope

The besic sweptback wings considered in the present paper are
sketched in figure 1. These wings have subsonic leading edges and
supersonic trailing edges; an added restriction is that the Mach lines
,emanating from the wing tips may not intersect on the wing. ZEquatilons
are derived herein for the lateral force and yawing moment due to com-~
bined angle of attack and rolling specifically for plan forms satisfying
these limitations.. These equations are utilized in extending the range
of computations to include some plan forms with subsonic trailing edges.
Application and interpretation of the results are subJect to the Inherent
restrictions and limitations of the linearized-thin-airfoil theory of
supersonic flow. - '

The orlentation of the wing with respect to a body system of coordi-
nate axes used in the analysis is indicated in figure 2(a). The surface
velocity potentials used herein and the expressions for the stability
derivatives are derived with respect to this system. All calculations
for the derivatives CYP and CnP are presented relative to this same

system of body axes. For convenience, the moments are taken about the
wing apex and are considered positive for clockwise rotation. Trans-
formation equations are presented for moments taken about an arbitrary
point and also for comverting the derivatives to a stability-axes system.
(see fig. 2(b) for orientation of stablility axes.)

Basic Consilderations
The lateral force and yawing moment due to rolling relative to body

axes for a very thin wing without dihedral arise entirely from suction
forces on the wing edges. For the general plan form under consideration,

- - S e e o e —————— P e e e e —
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these suction forces are along the leading edge and wing tip and may be -
evaluated by applying a method suggested in reference 16 for incompressi-

ble flow and modified for compressibility effects in reference 3. Thus,

if the induced surface velocity normal to and in the immediate vicinity

of a subscnic edge is expressed as

(vn) . (1)

Bn——)o Vg;

vhere 8, 1is the perpendicular distance from the edge and G is a
constant, there results a suction force per unit length of edge

‘;\ .
F = npG2JL - M,;? (2)
where M, is the Mach number of the stream component normal to the edge.

An expression for the suction force per unit length of leading edge
Fl which is directly applicable to the subsonic leading edge of the wing

under consideration herein (see fig. 1) may be obtained fram reference I
and is as follows

xyE: _ 2 cot A o272 [I(m)] 2pPxBeotin I(m)anx cot A
E‘.‘-‘i/l - mé):l b (I/l _ m>
(3)

where the plus sign is to be used for the right leading edge end the minus
sign for the left leading edge.

I 1
Fl"’ép

An expression for the suction force along the wing tips must now be
derived. Consider the induced surface velocity normal to the streamwise
tip of a wing rolling with an initial angle of attack. L This velocity is

where the subscript 2 refers to the tip, the subscripts a and p
denote 1ift and roll, respectively, and @ is the linearized velocity
potential. For streamwise-~tip wings with subsonic leading edges and ;



NACA TN 2122 7

supersonic trailing edges, equations for the potentials (¢)a and (cp)p

are derived in reference 11. These potentials were based on an approxi-
mation to the exact linearized solution (see reference 11) and rendered
results therein that were in good agreement with computations based on
a more exact analysis. It appears reasonable to assume, therefore, that
for purposes of the present investigatien the use of these potentials
will lead to results that are of satisfactory accuracy.

The potentials (valid for the wing fegion between the right tip and
the tip Mach line) are as follows:

(@), - ayZ [(By + m) (b - 2y) (5)
x B(1 + m)

B pfe_EzyB(Em +1) + bB(m + 1) - anx]/(

(9)
P 3n (1 + m)B:|3/2

By + mx)(b - 2y) (6)

Corresponding expressions for the left wing-tip reglon are obtained by
replacing y by -y in equations (5) and (6) and multiplying the right-
hand side of equation (6) by the quantity -1. Inasmuch as (P)y 1is

symmetrical and (q))p antisymmetrical with respect to the x-axis it is

sufficient to work with the right half-wing (equations (5) and (6)) and
use the appropriate sign for the left half-wing.

Differentiation with respect to y yields

Va2 omx + 4By - bB

_ (7
BY>a ﬂ"é(l + m) ‘/(By + mx)(b - 2y)

and
8¢> = PJE- 2B 1 b - -
(5? p 3x[1 + mBP/2 (2n + )By + ) (v - 2)

4By + omx - bB
3

[2yB(2m +1) + bB(m + 1) - 2mx (8)

2yf(By + mo) (b - 2y)
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Substitution of equations (7) and (8) in equation (4) and evaluation
of the resultant expression for vy in the immediate vicinity of the tip

(i.e., lyl-—)2> yields

(v ) oo 1 ) VoiAyfbB + 2mx  p(3ubB + 2bB - 2ux) fbB + 2mx
o 12 =
71—z Yz~ I#1 nyB + m) 3x/2 B(1 + m):]3/

(9)

where the plus sign is to be used for the right edge and the mimus sign
for the left edge.

Equation (9) is seen to-have the same form as equation (1) and,
therefore, the suction force per unit length along the wing tip may be
obtained from equation (2). For a streamwise tip, M, = O and the

suction force is expressible as .

_ HBb + 2ux) 22, Wap(3mbB + 2bB - 2mx) N p°(3mbB + 2bB - 2mx)5|
2xB(1 + m) 3B(1 + m) 9B2(1 + m)? J

(10)

In equation (10) only the term'

2Vap(3m'bB + 2bB - 2mx)p(Bb + 2mx)

:tBe(l + m)2

will give rise to a lateral force and a yawing moment; the force and
moment are obtained by integrating this term along the wing tips.
Inasmich as the other terms of equation (10) have the same sign for
both the left and the right wing tips, the net contribution of these
terms to the lateral force and yawing moment of the wing will be zero.
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Applications of equations (3) and’ (10) to the derivation of the
stability derivatives Cy and C are given in the followlng sections.
P

I].P

Stability Derivative Cy
P

The latersl component of the suction force along the leading edge
is expressible as follows (see reference 4):

ﬁ tan A
1 = o (Fl,R - Fl,L>dx

_ 1oVl - m2(cot2A)aVpI (m) ta.n.A +Pax

o sheE)

l/ 2
= Tp3pavp(tan A)I(m) el (11)

2k E(l/]—.——mé )

where the subscripts R and L refer to the right edge and left edge,
respectively. The lateral force coefficient is formed by division by
lpvzs end the derivative vrith regpect to (g?) * 1s the stability

2 ~|
R—_.a
zv O

derivative CY .  Thus
iy

ONCES
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or

()2
2) -2 3(m) (12)

The lateral force due to the suction along the tips is

f F._ ~F >d_x
Tip(Z,R 2,1,

DB(1.1aw) .
_ _ loVap 2n (3mbB + 2bB - 2mx) (bB + 2mx)dx

3@2(1 + m)2 bB/2m

AV
I

pVapb3B3Aw
911]32(1 + m)2m

12(3m + 1) + 3a(3m - 1) - 2>@u>2:' (13)

Converting to derivative form in terms of the parameters m,r AB, and
A yields

a

Cy 2
(__P> _ 6 BGu+1)[AB +M)] + 3mG3n - 1) [aBQ + M) ] - 832n?
2 9x(1 + 1) E%B(l T mﬂa

(14)

The derivative for the complete wing is obtained by adding the components
given by equations (12) and (14), that is,

c
ol e
< «/y a/o
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The expressions for the derivative Cy  have been derived relative
Y

to a system of body axes. Additional terms arising from a transformation
to stability axes result 1n negligible changes in the derivative for small.

angles of attack. The derivative, therefore, may be- considered satisfactory
for either system of axes.

,Stability Derivative 'Cnp

The yawing moment of the lead;ng—edge suction about the wing apex is
expressible as (see reference 4)

= tan A
2 2
. . 1 = - - A
N JF (?l, F ,L><;sc )x dx

|6 2
_&panbh'( seceA)Ihl)_—Pl—
]3(].- m?)

(The minus sign for the moment indicates counterclockwise rotation.)

(16)

The yawing-moment coefficient is formed by division by %ﬁVQSb and

the derivative with respect to (BE> 1s the stability derivative Cp. -
vV Pﬁ.éo P
av

Thus

o
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or
(CEE) xan(3 1
~ -2 (2 + E>J(m) (17)

The yawing mament due to the suction force along the tips is

N2a=-f (F - F I)xdx
Tip - 2,R 2

bB

)-I-DVCLP l+l(l))

= - 5 )2 y (3wbB + 2bB - 2mx)(bB + 2mx)x dx
3nB5(1 + m BB/ 2m .

dVapthth
361rB2(l 4+ m) 2

[ah(3m + 1) + 6mo(2w + 9) - M3 + B - 6]

) (18)

Converting to derivative form in terms of the parameters m, AB, .B,
and A yields

¢ 3
(_n_?i) = - 3238 3 3(3mfl)EB(l+k)J +

*/a 9rm(1 + m)2(1 + ) EB(l + x)]

3mn(1 + m) EJB(]_ + x):]e + 81222(3m -2) ExB(l + x):l - 21m'13x3}

(19)

The derivative for the complete wing is obtained by adding the components
given by equations (17) and (19), that is,

C C C
(:g) _ (_ng> . (iz) (20)
a/a a /1a a /oa o
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The expressions for the derivative <?np) have been derived
a

relative to a system of body axes with moments taken about the wing apex.
To transform the moment reference to an arbitrary point located at a
distance from the wing apex equal to h (measured in root chords) the
following equation may be used:

" (np) Py,

or for the wings considered herein

Cay = (Cnp)a B ey, (21)

AL + )

(The plus sign is to be used when the new reference point is located
rearward of the wing apex, the minus sign when the reference point is
ghead of the wing apex.)

The expression for CnP given in equation (21) may be further

utilized in transforming to the system of stability axes. If Cnp‘
denotes the derivative relative to the stability system and Cn the
1Y

quantity given by equation (21), the following relationship will render
excellent accuracy for small angles of attack:-

Cop’ = Cnp O\LGlp i ch> (22)A

Inasmuch as the present paper treats only the derivatives Cy and Cnp,
estimates of the damping-in-roll derivative Czp and the damping-in-yaw
derivative Cnr mist he obféined from other sources. Values of Cj

for the wings considered herein may be readily obtalned from reference 11.
Corresponding calculations for the stabllity derivative Cnr are

unavailable, but the contribution of this term relatiﬁe to CZP’ is

small for most practical plan forms and thus may usually be neglected

e e e ———————— -
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in equation (22) without introducing a significant error in the value
of the derivative Cnp'. For wings of very low aspect ratio, however,

Cnr is appreciable and should not be neglected.

RESULTS AND DISCUSSION

Since the functions E(}l - n@il I(m), and J(m) appear in the deri-
vation of the stebility derivatives, variations of these functions with the
parameter m are presented in figure 3 for convenlence in applying the
final equations.

As stated previously, the equations were derived for wings with
subsonic leading edges and supersonic trailing edges. For configurations
where the trailing edge is "slightly" subsonic, the derived equations
may be used to yield rough estimates of the derivatives although the
effect of the subsonic trailing edge has been neglected. For conditions
where the trailing-edge Mach lide intersects the tip, that is,

BA(1+)~.). <B cot A < BA(L + A)
L 4 BA(L + ) BA(L + ) + H(1L - )

the error introduced by neglecting the subsonic-edge effect is less than
the error for conditions where the Mach line intersects the leading edge,
that is,

CBA(L + M)

b 4+ BA(L + )

B cot AL

The error mey be quite appreciable for many combinations of Mach number
and plan-form parameters. Accordingly, extreme caution should be exer-
cised in interpreting the rough estimates obtained for subsonic-trailing-
edge plan forms. . ’

™ ~*gn-chart calculations (computed from equation (15)) for the
derivetive CYP are presented in figure 4 in terms of the parameters AB,

B cot A, and A. Dashed boundary lines are drawn to indicate regions of
different trailing-edge conditions wherever feasible (i.e., figs. U(Db)
to 4(e)). Inasmich as a single curve was sufficient to present results
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for A = 0 (fig. 4(a)), boundary lines could not be indicated (since
they are a function of the parameter AB). For convenience, the mathe-
matical relationship governing the edge condition 1s presented in the
figure.

Design-chart calculations for the derivative C relative to body

Ilp

axes with moments taken about the wing apex are preséented in figures 5
and 6. For convenience of presentation, the derived expression for Cnp

(equation (20)) has been subdivided into three components (?HP> ,
al

C and (C . Figuré 5 presents the components (? ) and
(onp)y> = (o) ™= . i)

(?n£> both of which are independent of taper ratio; figure 6 presents
aB

the component (?np> . The derivative is obtained by summing the com-
aC

ponents, that is,

(ag), = (o), * Con)g * (o) (=)

As with the charts for CYP, either dashed boundary lines or methematical

relationships are included in the figures to indicate regions of different

trailing-edge conditions. It is noted that figure 6 does not include

curves for A = 0; the conponent (CnP> is zero for &ll wings of A =0
al

and hence may be disregarded in equation (23).

Some illustrative variations of the derivatives with Mach number,
aspect ratio, taper ratio, and leading-edge sweepback are presented in
figures 7 and 8. The derivatives are once again presented relative to
body axes with moments taken about the wing apex. Caution mist be exer-
cised in interpreting these variations, however, inasmuch as the results
and trends will depend on the system of axes used, the point about which
moments are taken, and the specific plan form under consideration.

The data presented in the design charts and illustrative variations
may be transformed to a stability-axes system with moments taken about
an erbitrary point by use of equations (21) and (22).
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CONCLUDING REMARKS

On the basie of the linearized theory for supersonic flow, the
lateral force and yawing mcoment due to combined angle of attack and
rolling have been evaluated for some families of sweptback tapered .
wings with streamwise tips and subsonic leading edges.

Results of the analysis are presented in the form of design charts
which permit estimation of the stabllity derivatives CYP and. Cnp.

Same illustrative variations of the derivatives with aspect ratio, taper
ratio, Mach number, and leading-edge sweep are also presented. All
numerical data are presented relative to a body-axes system with moments
taken about the wing apex. For convenience in application, formulas are
given for transforming from this system to a stability-axes system with
moments taken ebout an arbitrary point.

Langley Aeronautical Laboratory
National Advisory Committee for Aeronautics
Langley Air Force Base, Va., Aprdl 12, 1950

- R
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(a) Sweptback tralling edge.

(b) Sweptforward trailing edge.

Figure 1.- Bweptback winges considered in the analysis.

e e e e m e



20 . v NACA TN 2122

(a) Body axes used in analysis,

Principal axes

/ S7a

7 bility axe

/////////1 /

(b) Stability axes. Velocity, force, and moment arrangement in principal
body-axes system is identical to that of stebility-axes system.
(Principal body axes dashed in for comparison.) ,

Figure 2.~ System of axes and associated data.
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meagured in radiasns. Dete for plan forms with subsonic trailling

edges have limited aignificance - see sectlion of text entitled

"Results and Discussion.") (Cn ), = (Co.n + (Condam + (Co)uns
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Figure 6.- Veriastions of the stability-derivative component (Cnp)ac with

the parameter B cot A. (Results are valid for a body-axes system with
moments taken about the wing apex; « 1s measured in radiens. Data
for plen forms with subsonic tra.iling ed.ges have limited significance -
gee section of text entitled "Results and Dlscusslon. ,
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Figure 6.- Continued.
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Figure T.- Some illustrative variatioms of the stebility derivetive Cyy,

with Mach number, aspect ratio, leading-edge sweepback, and taper
ratio. (Results are valid for elther body or atebiliiy system of
axes; o 15 measured in radians.) -
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Figure 8.- Some illustrative variations of the stability derivative Cnp

with Mach number, agpect ratio, leading-adge gvWeepback, and tdper ratio,
(Results are valid for a body system of exes with moments taken about
the wing apex; o 1g measured in radians.) -
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